Abstract. In [2] , Borisov, Salamon and Viaclovsky constructed non-standard orthogonal complex structures on flat tori T 2n R for any n ≥ 3. We will call these examples BSV-tori. In this note, we show that on a flat 6-torus, all the orthogonal complex structures are either the complex tori or the BSV-tori. This solves the classification problem for compact Hermitian manifolds with flat Riemannian connection in the case of complex dimension three.
Introduction
Given a Hermitian manifold (M n , g), there are several canonical metric connections on it that are well-studied. The Riemannian (or Levi-Civita) connection ∇ which is torsion free, and the Chern (aka Hermitian) connection ∇ c which is compatible with the complex structure, and the Bismut connection ∇ b , which is compatible with the almost complex structure and has skew-symmetric (3, 0) torsion. When g is Kähler, all three connections coincide, but when g is not Kähler, the three are mutually distinct. Let us denote by R, R c , and R b the corresponding curvature tensors, respectively.
From the differential geometric point of view, it is very natural to study the curvature of each of these connections, and ask what kind of manifolds are "space forms" with respect to a given connection. In particular, one could ask what kind of compact complex manifolds will admit a Hermitian metric with flat Riemannian or Chern or Bismut connection?
For the Chern connection ∇ c , Boothby [1] proved in 1958 that compact Hermitian manifolds with R c = 0 identically are exactly the compact quotients of complex Lie groups equipped with left invariant metrics. Such manifolds can be non-Kähler when n ≥ 3. H.-C. Wang's complex parallisable manifolds [16] form an important subset in this class.
For the Bismut connection ∇ b , in a recent work [17] , we were able to show that compact Hermitian manifolds (M n , g) with flat Bismut connections are exactly those covered by Samelson spaces, namely, G × R k equipped with a bi-invariant metric and a left invariant complex structure. Here G is a simply-connected compact semisimple Lie group, and 0 ≤ k ≤ 2n. In particular, compact non-Kähler Bismut flat surfaces are exactly those isosceles Hopf surfaces, and in dimension three their universal cover is either a central Calabi-Eckmann threefold S 3 × S 3 , or (C 2 \ {0}) × C. We refer the readers to [17] for more details.
So now we are left with the question of answering what kind of compact Hermitian manifolds (M n , g) will have identically zero Riemannian curvature tensor? By Bieberbach Theorem, we know that such manifolds admit finite unbranched cover that is a flat torus T R , first of all, there are always compatible complex structures J on M that makes M a complex n-torus. All such complex structures (compatible with the orientation) are parameterized by the Hermitian symmetric space Z n = SO(2n)/U (n). Clearly, for a complex structure J on M compatible with the flat metric g, if J makes g a Kähler metric, then (M, J) is a complex torus. In this case we will call this J a standard complex structure. When J makes the metric g non-Kähler, we will call such a complex structure non-standard.
When n = 2, the classification theory for compact complex surfaces implies that any complex structure on T 4 R must be a complex 2-torus, thus there are no non-standard complex structures. For n ≥ 3, however, there are non-standard complex structures on some flat 2n-torus for each n ≥ 3. In [2] , Borisov, Salamon, and Viaclovsky constructed non-standard orthogonal complex structures on some flat T 2n R for any n ≥ 3. We will call these examples warped tori of BorisovSalamon-Viaclovsky, or BSV-tori for short. In Section 3, we will give some explicit discussion of BSV-tori in dimension 3 and their generalizations. In particular, BSV-tori in dimension 3 are defined as follows:
Definition (BSV 3-tori). For i = 1 and 2, let (M i , g i ) be the flat torus of real dimension 2 and 4, respectively, and let (M, g) be their product. Let J 1 be the complex structure determined by g 1 , which makes M 1 an elliptic curve. Let f be a non-constant holomorphic map f :
is the set of all complex structures on the flat 4-torus (M 2 , g 2 ) compatible with the metric and the orientation, one may consider almost complex structures J on M defined by
It is shown in [2] that J is integrable since f is holomorphic, so (M, g, J) becomes a Hermitian manifold with everywhere zero Riemannian curvature. The metric g is not Kähler with respect to these complex structures (since f is non-constant), so they are all non-standard.
Note that any BSV-3-torus is always a product of a flat 2-torus with a flat 4-torus as a Riemannian manifold, while a generic flat 6-torus does not split. Also, as a complex manifold, a BSV 3-torus M 3 is a holomorphic submersion over an elliptic curve, whose fibers are complex 2-tori, but the fibers are not all biholomorphic to each other.
The main purpose of this article is to show that, in complex dimension three, BSV-tori actually give all the possible orthogonal complex structures on the flat torus T 6 R , besides the standard complex tori. In other words, we have the following:
compact Hermitian manifold whose Riemannian curvature tensor is identically zero. Then a finite unbranched cover of M is holomorphically isometric to either a flat complex torus or a BSV-torus.
As the proof shall indicate, in higher dimensions, Riemannian flat compact Hermitian manifolds are still rather special and should form a highly restrictive class which contains all BSV tori. But perhaps a generalization of BSV tori should be formulated and organized before a classification statement can be made and proved. For n ≥ 4, the algebraic behavior of the Chern torsion tensor is much more complicated than the n = 3 case, and we intend to pursue these higher dimensional cases as the next project.
One property worth noticing is that, these BSV 3-tori are actually non-Kählerian, namely, they do not admit any Kähler metric: In Section 3 we will prove a slightly more general version of Proposition 2, where M 1 is replaced by any compact Riemann surface with positive genus. All statements are valid except the one on Kodaira dimension. We should point it out it is already proved in [2] (Proposition 5.3 on P.144 [2] ) that the flat metric (M 3 , J, g) is not Kähler if the holomorphic map f in the definition is non-constant. Here we emphasize that (M 3 , J) is non-Kählerian in the sense that it does not admit any Kähler metric.
Since the degree of the map f can be any positive integer greater than 1, we know that on T 6 R , there are infinitely many complex structures with mutually distinct first Chern class, and there is no uniform bound on the total torsion, even though all complex structures are balanced in this case ([10] , [2] ).
In 1958 Calabi [5] 
R where M 1 is a hyperelliptic Riemann surface with odd genus g ≥ 3 and T 4 R a real 4-torus, can be given a complex structure J such that the resulting threefold (M 3 , J) admits no Kähler metric and has vanishing fist Chern class. The complex structure Calabi used is related to vector cross product in the space of purely Cayley numbers. In Section 4, we show that Calabi's construction is a special case of the BSV type warped complex structures on M 1 × T 4 R . The induced Hermitian metrics from Calabi's construction is also a special case of balanced metrics which are product Riemannian metrics.
It seems natural to ask whether Theorem 1 is also true when M 1 is a Riemann surface with genus g ≥ 2 with its standard hyperbolic metric. In the end of paper we formulate the problem and leave it to the future studies.
The kernel spaces of the torsion
Let us start with a Hermitian manifold (M n , g). Following the notations of [18] , we will denote by ∇, ∇ c the Riemannian (aka Levi-Civita) or the Chern (aka Hermitian) connection, respectively. Denote by R, R c the curvature tensors of these two connections, and by T c the torsion tensor of ∇ c . Under a local unitary frame e of type (1, 0) tangent vectors, T c has components
By Lemma 7 of [18] , we have the following
for any indices i, j, k, l. Here and below, r is summed from 1 to n, and the index after the comma stands for covariant derivative with respect to ∇ c .
Now let us denote by
the covariant derivatives with respect to ∇. Following the notations of [18] , we have
By a straight forward computation, we obtain the following identities:
From the last equality, we get (2) and (7), or comparing (3) with (9), we get 
for any i, j, k, l between 1 and n. Now if M is also compact, then since R = 0, by the equality case of the main theorem of [10] , or by Theorem 3 of [18] , we know that M is balanced. That is, l T l il = 0 for any i. So by (12) we have l T l ij;l = 0 for any i, j. Let us fix a point p ∈ M n . Denote by W ∼ = R 2n the real tangent space of M at p, and by V ∼ = C n the space of type (1, 0) complex tangent vectors at p, and J the almost complex structure of M . Since T c (e i , e j ) = 0 and T c (e i , e j ) = 2 n k=1 T k ij e k under any unitary frame e, we have
for any x, y in W . Consider linear subspaces
We claim that Lemma 2. If the components of the torsion tensor under a unitary frame e at p satisfy the condition
for any i, j, k, l, then at the point p we have the orthogonal decomposition
Proof. Note that all the subspaces K 0 , K i , and K ′ i are J-invariant, so we may consider their corresponding complex subspaces N 0 , N i , and N ′ i in V instead, where i = 1, 2. Clearly, N 1 consists of all X ∈ V such that T * X * = 0, and N 2 consists of all X ∈ V such that T X * * = 0. Here and from now on we adopted the convention that
. This is because T k ij is conjugate linear in the upper position. As in the proof of Theorem 2 of [18] , for X = i X i e i ∈ V , we will denote by A X the linear transformation from V to V defined by
With this notation, (14) is simply saying that A X A Y = 0 for any X, Y in V . In particular, (A X ) 2 = 0. So N 2 is the orthogonal complement of X∈V Im(A X ), where Im(A X ) stands for the image space of A X . In the mean time, it is clear that
, and all the direct sums are orthogonal. This completes the proof of the lemma.
Remark: (1) . This lemma says that, when the equation (14) holds, or equivalently T k ij;l = 0 by (12) , the torsion tensor obeys a nice decomposition which resembles those on a warped torus of the BSV type [2] . 
Proof. Under any local unitary frame e in M , by using formula (5) and (6), we get through a straight forward computation the following:
Then the lemma is a direct consequence of (15), (16) and the remarks above, so we will omit the details here. Now let us focus on the 3-dimensional case. In this case we will show that equation (14) always holds: Proof. Since M is compact and R = 0, by the equality case of Gauduchon's inequality in [10] , we know that g is balanced. So k T k jk = 0. By letting k = i and sum up in (12), we get r,k T r jk T k rl = 0 for any j, l. In other words, we have (17) tr
We will show that, when n = 3, the above equality (17) actually implies A X A Y = 0 for any X, Y in V , which is (14) .
Let e be a unitary frame. Write
where (ijk) is a cyclic permutation of (123). These 6 terms are all the components of T c since g is balanced. We have:
where (ijk) is any cyclic permutation (123). Now let us fix a point p and also fix e 1 , and rotate {e 2 , e 3 } if necessary, we may assume that T holds. When both a 2 = a 3 = 0, then the only possibly non-zero term would be a 1 . In this case clearly (14) holds.
So for a compact Hermitian threefold (M 3 , g) with R = 0, we have the orthogonal decompo- (12)- (14), we have In the open subset U ⊆ M , let V = N 1 ⊕N 2 be the decomposition of the holomorphic tangent bundle T M , and W = K 1 ⊕ K 2 be the corresponding J-invariant orthogonal decomposition of the real tangent space of M . We make the following claims:
is a totally geodesic foliation with complete leaves.
Claim 2: For any p ∈ U , the leaves of K 2 near p are parallel to each other. Fix any p ∈ U . In a small neighborhood of U , let e be a unitary frame such that e 3 lies in N 1 . This is the unique type (1, 0) tangent direction X (up to scalar multiple) such that T i jX = 0 for any i, j. Denote by ϕ the coframe dual to e. As in [18] , write ∇e = θ 1 e + θ 2 e for the connection form, then the condition R = 0 is the same as Let us write
Since θ 1 is skew-Hermitian, and Eχ + t χE = tr(χ)E, we get from (18) and (19) that
From the second equation in (21), we know that the entries of ξ are multiples of ϕ 3 :
By the structure equation
Since K 2 is the distribution annihilated by {ϕ 3 , ϕ 3 }, the above identity and its conjugation show that K 2 is a foliation.
To see that K 2 is a totally geodesic foliation, we need to show that ∇ X Y, e 3 = 0 for any X, Y in K 2 , or equivalently, (θ 1 ) i3 (e j ) = (θ 1 ) i3 (e j ) = (θ 2 ) i3 (e j ) = (θ 2 ) i3 (e j ) = 0 for any i, j in {1, 2}. As (θ 2 ) i3 = 0, and (θ 1 ) i3 is given by ξ which is proportional to ϕ 3 , we know that K 2 is a totally geodesic foliation in U . = 0, we know that along any leaf of K 2 , λ is a constant function thus remains non-zero, so the leaves of K 2 are complete in U . This concludes the proof of Claim 1.
Next let us prove Claim 2. It is equivalent to K 1 being a foliation, and equivalent to the condition that within U , the decomposition W = K 1 ⊕ K 2 gives a local metric product splitting. It suffices to show that ξ = 0 at p.
Let σ : R → U be the constant-speed geodesic contained in the leaf of K 2 through p, so that σ ′ (0) = e 1 + e 1 . Write σ ′ (t) = X. By Lemma 3, J 2 = J| K2 is constant along the leaves of K 2 , so we may choose our unitary frame e in a neighborhood of σ so that e 1 , e 2 are parallel along σ. This implies that χ(X) = 0. We also have α(X) = 0 since α = −α, and ϕ 1 (X) = 1, ϕ 2 (X) = ϕ 3 (X) = 0. The second equation in (20) now gives
when applied on the vectors (X, e 3 ), we get
So a(t) satisfies the Riccati equation along the geodesic σ. Since solutions to the equation blows up in finite time unless the initial condition is trivial, we know that a must be zero at p. Similarly, b = 0 at p, and this completes the proof of Claim 2. Since M is a complex manifold, and it is well known that a flat metric g is real analytic, any local splitting spreads to a global splitting on the universal cover. Here, however, we want to make sure that the extended splitting again respect the condition that T Given any a, b ∈ A, we claim that the affine subspaces L a and L b in M = R 6 are parallel to each other. To this end, let σ be a line segment in R 6 which is the shortest path connecting L a and L b . Then σ is perpendicular to both L a and L b . Consider the tangent vector field X = σ ′ (t) along σ. Within U a , as X lives in K 1 , JX is parallel along σ ∩ U a by Lemma 3. Since g is real analytic, JX is parallel along the entire σ. Now as both L a and L b are perpendicular to X and JX, they must be parallel to each other.
Note that by Claim 3 and Lemma 3, we know that the complex structure on M is actually a warped complex structure in the sense of [2] , namely, if we write J = J 1 + J 2 for the decomposition of the almost complex structure, then J 1 is constant, and makes Y 1 the flat C, and at any (y 1 , y 2 ) ∈ M , J 2 is given by J f (y1) ∈ Z 2 where Z 2 = SO(4)/U (2) ∼ = P 1 is the space of all complex structures on R 4 compatible with the metric and the orientation, and f : Y 1 ∼ = C → Z 2 is a smooth map. As proved in [2] , the integrability of J corresponds to the holomorphicity of f . (See also the next section for an explicit calculation of this). Clearly, when the flat metric g is not Kähler with respect to J, f can not be a constant. For any γ(y 1 , y 2 ) = (y 1 + a, y 2 + b) in Γ, since the complex structure on M is preserved by γ, we have J f (y1) = J f (y1+a) , where f :
1 is the holomorphic map characterizing J as a warped complex structure. That says that any Γ 1 -orbit is contained in a level set of f , which is necessarily discrete in Y 1 = C. So Γ 1 is discrete, which will imply that the leaves of Y 2 close up in M . Indeed, let us take a leaf F of the foliation of Y 2 in M , if F is not compact, then there will be a sequence x i in F that converges to a point x 0 ∈ M , such that x 0 ∈ F . Take a sufficiently small neighborhood U of x 0 , inside U the foliation can be parameterized by F t , where t belongs to a small open subset V ⊂ Y 1 . We may assume that F 0 is the one through x 0 . By assumption F 0 is not in F , but there exists t i → 0 such that F ti is a part of F . Now let us look at the picture on the universal cover. Take a point 0 over x 0 and a small neighborhoodŨ over U . The pre-image π −1 (F ) is equal to the union of Γ 1 × Y 2 . So if Γ 1 is discrete, then π −1 (F ) would be closed in the universal cover, However inŨ , we have the same picture of F ti and F as in U . This leads to a contradiction.
To summarize, we have proved that, if (M 3 , g) is a compact, non-Kähler, Hermitian manifold with flat Riemannian connection, then a finite unbranched cover M ′ of M is isometric to M 1 × M 2 , where (M 1 , g 1 ) is a flat 2-torus and (M 2 , g 2 ) is a flat 4-torus, and the complex structure J on M ′ is given by
′ , where J 1 is a constant complex structure on M 1 compatible with g 1 and makes M 1 an elliptic curve, and f :
1 is a holomorphic map from the elliptic curve into the space of oriented orthogonal complex structures on R 4 . In other words, M ′ is a BSV 3-torus. This completes the proof of Theorem 1.
The BSV-tori in dimension three
In this section, let us give a more detailed discussion on the BSV-tori in dimension three, and show that they are indeed non-Kählerian, namely, as a complex manifold they do not admit any Kähler metric. The readers are referred to [2] for a much broader discussion on the subject, and here we will try to be explicit and also focus on the differential-geometric aspect.
Following [2] , let Z 2 be the set of all constant complex structures on R 4 compatible with a fixed flat metric and orientation. Its elements are skew-symmetric orthogonal 4×4 real matrices, and with a choice of orientation, they can be expressed as
I is the identity matrix, and
, where r = |z|, z = x + iy ∈ C ∪ {∞}.
We will write the above J (a,b,c) simply as J z .
Now suppose that (M 1 , J 1 , g 1 ) is a compact Hermitian manifold, and f : M → P 1 a smooth map. Let (M 2 , g 2 ) be a flat 4-torus, and consider the manifold M = M 1 × M 2 , equipped with the Riemannian product metric g = g 1 × g 2 , and the warped almost complex structure J on M giving by
at (y 1 , y 2 ) ∈ M . Clearly, J is orthogonal with respect to g, and as proved in [2] and also in [4] , the integrability of J is equivalent to the holomorphicity of the map f . Let us verify the equivalence in this explicit special case, namely, let us prove the following Using the expression of J in (23), and the fact aȧ + bḃ + cċ = 0, we get
Now if we use the coordinate z = x + iy and the stereographic projection formula (24), then it is a straight forward computation to see that the above system is equivalent to the following
which is just the Cauchy-Riemann equation. So J is integrable if and only if the map z = f (y 1 ) is holomorphic.
Of course the torus T 4 R in above lemma can be replaced by T 2k R for any k ≥ 2, and the lemma is still valid. This is Proposition 5.2 in [2] or Proposition 5.1 in [4] .
Following [2] , we will call the above compact Hermitian manifold (M, g, J) a warped torus, and we are particularly interested in the complex dimension three case, namely, when M 1 is a compact Riemann surface of genus g(M 1 ), and f is a non-constant holomorphic map from M 1 into P 1 , or equivalently, a non-constant meromorphic function on the curve M 1 . We will denote this compact Hermitian threefold by M 3 f . Note that for g(M 1 ) = 1 and f non-constant, these M 3 f are the BSV 3-tori defined in [2] . When M 1 = P 1 and f is the identity map ι, then M ι is the twistor space over the flat 4-torus
f include Calabi's pioneer construction in [5] . As a complex manifold, it is clear that the projection map π 1 : M 3 f → M 1 is a holomorphic submersion, and the fibers are flat complex 2-tori, but are not isomorphic to each other in general, so π 1 is not a holomorphic fiber bundle. For any y 2 ∈ M 2 , the subset C y2 = M 1 × {y 2 } is a totally geodesic complex submanifold of M 3 f and is holomorphically isometric to M 1 , but C y2 does not vary holomorphically in y 2 ∈ M 2 .
It seems that these M 3 f form a rather interesting class of complex threefolds, and here we will satisfy ourselves by exploring their Hermitian geometry a little bit, and showing that they are always non-Kählerian (for non-constant f ).
First let us choose a convenient local unitary frame e on M 
f . On each U j0 , we have a unitary coframe ϕ where ϕ 3 = π * 1 ψ j , and
at the point (y 1 , y 2 ) in U j0 , where f = f (y 1 ), and (x 1 , . . . , x 4 ) is the standard Euclidean coordinate on the universal cover M 2 = R 4 . Note that away from the poles of f , the above expressions are well-defined, and it is easy to check that ϕ is indeed unitary and of type (1, 0) as J is defined by (23)-(25). In each D j∞ , a coframe can be given in a similar fashion, which we will omit.
In D j , we have the structure equation dψ j = −ξψ j , dξ = Ξ, where Ξ is the curvature form of M 1 . Under the unitary coframe ϕ in U j0 , it is easy to see that the connection forms are given by
where λ = T 3 12 , and
We have dα = ββ, dβ = 2βα. From the structure equation dϕ = − t θ 1 ϕ − t θ 2 ϕ, we get
By taking exterior differentiation of β = λϕ 3 , we get (dλ + 2λα − λ π * 1 ξ) ∧ ϕ 3 = 0, so there will be a local smooth function µ in U j0 such that (34) dλ − 2λα + λπ * 1 ξ = µϕ 3 . We compute the curvature form of the Chern connection Θ = dθ − θ ∧ θ as follows: , and such example with the lowest genus would be g(M 1 ) = 3 and deg(f ) = 2, namely, a hyperelliptic curve of genus 3. This includes Calabi's 3-folds constructed in [5] . In Section 4 we will give a detailed discussion on the connection between Calabi's 3-folds and BSV type warped complex structures. Therefore, the corresponding image F ( M 1 × R 4 ) in R 7 has the unit normal vector N = (N 1 , N 2 , N 3 , 0, 0, 0, 0).
Using the table of the cross product defined on purely Cayley numbers, it is straightforward to write down the action of J restricted on T p ( M 1 ) and on T p (R 4 ) = Span{ Comparing with Formula (23), we see that Calabi's complex structure can be written as J = J 1 + J(φ(x)) where J 1 is the complex structure on M 1 and J(φ(x)) is the complex structure on T 4 R defined by the holomorphic map φ : M 1 → P 1 . Note that φ is of degree g − 1, by (36) we also see that c 1 (M 3 ) = 0. In particular, one would like to know the subset with vanishing first Chern class.
